I. INTRODUCTION
In theory of fluids, plasmas and stellar systems, we frequently encounter the question of the stability of equilibria. The answer is provided in part on determining the evolution of an infinitesimal disturbance away from equilibrium, an approach that usually goes by way of a normal mode expansion. This approach can at times be very powerful, and amounts to solving an eigenvalue problem. It can, however, run into difficulty in circumstances for which that eigenvalue problem is, in some sense, irregular.
What we might call regular eigenvalue problems involve the solution of a set of ordinary differential equations with regular coefficients on a domain of finite size. As illustrated by the classical Sturm-Liouville problem, the eigenvalue spectrum turns out to be composed of an infinite number of distinct points. Like the characteristic frequencies of a vibrating string, these correspond to the distinct, normal modes. One might say that the set of irregular problems consists of everything that doesn't fall into this category. For many examples, the eigenvalue spectrum retains a simple form, but in general it is not the case, and the spectrum may consist of only a finite number of discrete modes or continuous intervals.
Here we are concerned with situations for which the eigenvalue problem is irregular and the resulting spectrum is at least partly continuous. This kind of a spectrum can arise as a result of solving the problem on an infinite domain, in which case there is simply no quantization condition. Of more interest are problems in which the set of ordinary differential equations is not autonomous and contains coefficients that become singular at points within the domain.
In physical situations, singularities in the equations governing the evolution of an infinitesimal disturbance can result from a variety of effects, and they do not always a-ffect the form of the eigenspectrum. An important class of problems for which the singularity has direct repercussions on the eigenspectrum occms in fluids, plasmas and stellar systems.
These are ideal problems in which there are wave-mean flow or wave-particle resonances which result in the creation of a continuous eigenvalue spectrum. In these circumstances, coefficients in the differential problem are formally singular at the point at which resonance occurs. Moreover, that point is determined by the speed of a wave-like perturbation or, equivalently, the eigenvalue.
The existence of a continuous spectrum for an inviscid, shearing fluid was known to Rayleigh,' although he was not directly interested in it. In this context, an explicit solution for the spectrum was given by Fjprrterft and Hpriland in the 1940s for the special case of incompressible Couette flow (see Ref.
2). The complications associated with finding the eigenvalues surround the presence of the singularity in the equations, which occurs where the advection of the perturbation exactly cancels its natural speed; a layer in the channel associated with such a singularity is commonly referred to as a critical layer.
In plasma theory we have an analogous situation at the points in phase space for which the equilibrium particle velocity matches the phase speed of the disturbance. This led to a classical problem in plasma theory that was eventually solved by Landau, leading to the celebrated phenomenon of Landau damping. That solution went by way of Laplace transforms which is naturally tailored to the initial-value problem. The parallel procedure using a continuum variety of normal modes was proposed by Van In what follows, we first describe the general method (which is discussed in greater detail and applied to parallel shear flow by Balmforth and Morrison5). Then, in the general context, the problem of plasma oscillations is reviewed. The remaining sections on parallel shear flow, shear flow in shallow water theory, incompressible circular vortices, and differentially rotating disks, are the bulk of the paper. We conclude with a discussion of the uses of singular eigenfunctions.
METHOD
An important feature of the solutions that compose the continuous spectrum is that they are not regular functions; they can contain kinks, discontinuities or singularities at the critical layers. 
where C is an arbitraxy amplitude and S(z) is the delta function.
The solution of a differential equation like (2) with a delta-function inhomogeneous term is most easily found by converting that equation to an integral equation. In order to achieve this result, we introduce the Green function of the operator Lx which we denote by K ( z , 2').
Then we can write (2) in the form,
Equation ( 
we observe that dx.
If we substitute this relation into our integral problem (3), we see that where
is a kernel with a parametric dependence on x*. This is another integral equation, but, whereas (3) was singular, (6) 
D(z*) vanishes at the eigenvalues for which there exists a homogeneous solution (it is the
Redholm determinant), and is bounded. This scaling forces the inhomogeneous term to vanish whenever a homogeneous solution appears, and so we always find a unique, bounded eigenfinct ion.
PLASMA OSCILLATIONS
We first apply the method to the one-dimensional, Vlasov-Poisson equation, which repro- 
where e and m are the particles' charge and mass. If we take a solution of the form (2) for f , by dividing equation (9) by (u -v), we obtain, 
IV.
A I
INCOMPRESSIBLE SHEARS
ightly more complicated example is the problem consiLxed by Raylei@ . 12 He studied an inviscid fluid configuration consisting of a shear flow contained within a channel. If we denote x and y as the spatial coordinates along and across the channel, then a flow with velocity profile U(y) within the domain -ca < z < 00 and -1 < y < 1 exists as an equilibrium of the two-dimensional Euler equations. Infinitesimal perturbations about this equilibrium can be taken to be of the form, u(y)expik(z -ct), v(y)expik(z -d) and p(y) exp ik(z -ct) for the two velocity components and pressure fluctuation. The eigenvalue is c, and there is a critical layer at y = y*, at which point U(y) = V(y,) = c. The perturbations satisfy the equations,
where the equilibrium density has been set to unity. By representing the perturbation's velocity field in terms of a stream function, $(g), we can formally manipulate these expressions into Rayleigh's equation, (17) equation (6) 
Some solutions to the F'redholm problem are shown in Fig. 1 . These are computed for the flow profiles, U(y) = y + y3/10 and U(y) = y + y3. The continuity of fluid elements requires that 9 remains continuous across the channel, but it does have a discontinuity in slope. In these cases, the absence of homogeneous solutions to our Fredholm problem can be established numerically by constructing the F'redholm determinant.ll Hence, we set A to unity.
It is not necessary to assume that the profile is monotonic. If V(y) is multivalued in places, we have multiple critical layers for the corresponding wave speeds. This complicates the construction of singular eigenfunctions, but it can still be done, with some modification to the m e t h~d .~ In addition to the singular modes, we therefore anticipate a new class of modes, and from the earlier studies these are expected to compose a discrete portion of the complete eigenspectrum.
V. SHEARS IN SHALLOW WATER
The equations for perturbations to a shearing, shallow fluid of undisturbed, uniform depth and velocity profile U(y) (using a coordinate system like above and assuming monotonic velocity profiles), are13
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where the velocity components are again given by u and w, h is the y-dependent piece of the depth perturbation, and the dependence expik(s -ct) has again been introduced. These equations have been scaled to make them dimensionless; this introduces the Froude number, Fr, which is the ratio of the characteristic, mean flow speed to a typical surface gravity wavespeed (or a characteristic Mach number of a two-dimensional, compressible fluid).
From these expressions we can derive a second-order equation for h; namely
Another relation of interest comes from the vorticity and continuity equations, There does not seem to be any need, then, to include singular eigenfunctions. However, in order to determine the evolution of the fluid, we need to represent both an initial height and an initial velocity field. This requires two independent sets of basis functions, and the surface gravity modes alone are in general insufEcient. The singular mode spectrum is still therefore needed in order to complete the problem.
Even though there is no principal-value singularity in equation (23), we could nevertheless add a delta function on dividing by U -c. This leads to a particular solution for h that might represent the singular eigenmode. Indeed, that solution generally has a discontinuity in its first derivative of h. However, such an eigensolution is ruled out if we use the physical requirement that the pressure gradient be continuous. Even were this objection not to preclude such solutions, we would then be forced to work with highly divergent vorticity fluctuations (in the sense that the singularity at the critical point is not just a simple pole).
Moreover, these appear to be of no relation to the singular modes of Rayleigh's equation, yet Rayleigh's solutions should be recovered in the incompressible limit.
The resolution of this difficulty lies in equation ( This particular problem is interesting in that it provides an example where we have to be a little careful about simply writing down principal values and delta functions in order to find singular eigenfunctions. Applying the method to the equation for h produces ambiguous results; the equation for v seems to be the best way to go. None the less, there is a certain amount of freedom in choosing which equation to work with, or into which physical quantity we should introduce a principal-value singularity or delta function. At the end of the day, it is how well the resulting eigenfunctions behave as a unique, complete basis set that determines the optimal choice.
The problem also highlights another ambiguity. We decided not to treat the singularities occurring equation (26) at the points y = y$ by the method since they were removable (of zero dividing zero form) and so no principal-value piece was necessary. However, for linear shear in both compressible and incompressible fluid, U" = 0, and there is no principd- In practice it is unlikely that the new sets of solutions are as useful as the original one because we expect continuum eigenfunctions for every wave speed that matches the mean flow. From (28) we see that this would give solutions with singularities outside the channel.
From a physical point of view, we interpret ytf to be the turning points for the surface gravity waves (the points for which these waves are reflected). There is no obvious reason why we should allow the eigenfunctions to be irregular at these points.
VI. INCOMPRESSIBLE VORTICES
As a prelude to discussing an astrophysical application of our method we now discuss another simple situation. This is the incompressible, two-dimensional vortex. Kelvin17 considered such configurations with piecewise continuous vorticity distributions. These equilibria support interfacial-type discrete modes which were of interest to Kelvin, but not directly relevant to the continuum modes we derive here. More recently, the stability of a twodimensional, incompressible vortex has regained importance since it has become feasible to experimentally simulate the dynamics of such a configuration with an electron plasma. 18 In polar coordinates, (r, e), we have an equilibrium given by an angular velocity distribution, V ( r ) = rR(r). For the sake of simplicity we again take monotonic profiles for R. Perturbations to the vortical structure can be described by a streamfunction,
where m is the azimuthal quantum number, for which the perturbed velocity components are given by a+ and u=-. The stability criterion for the vortex is simply that 5' not vanish. This also excludes any discrete modes in the spectrum.
VII. DIFFERENTIALLY ROTATING FLUID DISKS
Compressible generalizations of Kelvin's vortices have lately prompted interest regarding noise-generation problems in aerodynamic contextslg and in disk theory in astrophysics.20>21
In the latter situations, we consider slender configurations like the shallow-water shears con- 
ring. This case corresponds to the Couette, shallow-water shear flow example. Like that example, there would therefore appear to be no need for singular eigenfunctions, and the regularity of the pressure derivatives in (35) and (36) precludes us from dividing through by R -Y and adding a delta function.
In other words, once again we cannot straightforwardly apply the method to equation (40).
In order to find the continuum modes we first consider an inelastic approximation to the equations. This is obtained by taking the limit c, + 03. Then, the surface gravity waves are filtered out of the problem and the continuity equation becomes, 
VIII. THE USES OF SINGULAR EIGENFUNCTIONS
In previous sections we have constructed eigenfunctions of the singular continuum for a variety of idealized problems. These eigenfunctions are characterized by irregular shapes; principal-part singularities and delta-functions. As a result it is not possible to add a single continuum mode with any finite amplitude onto the basic equilibrium state without immediately leaving the linear regime and introducing singular behaviour at the critical layer. An integral superposition of singular modes, however, with a distribution of amplitudes, A(x,)
say, such as need not be so pathol~gical~,~ (principal-value integrals are well-behaved functions). We have introduced a second dependence on x* into the arguments of 6 in equation (48) to explicitly reveal its implicit dependence through the F'redholm problem (6) , and set A = 1 to make the form of the superposition more transparent.
Integral superpositions like (48) can be used to represent an initial condition, which enables us to consider the initial-value problem. In fact, methods borrowed from singular integral theory1' allow us to invert the integral relation (48), and to write amplitude distribution, A(x), in terms of the initial condition, S(x). This procedure is typically complicated by the presence of discrete modes, but often we can prove that the combination of continuum and discrete modes can represent the initial di~turbance.~ This establishes that the combination of the discrete and continuous eigenfunctions form a complete set of basis functions.
Once we have a superposition like (48) to represent an initial condition, we can determine the evolution for all subsequent time and show the equivalence with the solution of the problem using Laplace transform^.^ This amounts to reinstating the temporal dependence, exp(-ikct) or exp(-imvt) within the integral superposition (48). Integrals of various physical quantities over the domain (such as the total vorticity across the channel) then contain factors of the form, exp ikU(z)t within their integrands. By the Riemann-Lebesgue lemma, these integrals must vanish as t + 00 (unless there is some additional irregularity), revealing the usual phase mixing property of an ideal system. In many situations, the integrands can be analyzed further to estimate the asymptotic temporal dependence. If this is exponential, we observe the fluid analogue of Landau damping, but in general, that phenomenon is overshadowed by algebraic decay.
Another application of a complete set of singular eigenfunctions is in perturbation theory.
Superpositions like (48) can be posed as approximate solutions about which we can open asymptotic expansions. We can then attempt weakly nonlinear theory and investigate the ideal limit of some dissipative systems. These amount to avenues we intend to explore in the future.
A final issue that we have not mentioned until now is Hamiltonian structure. The ideal fluid or plasma equations can be recast as Hamiltonian field theories. Typically, these theories are not canonical in the sense that they do not have a standard Poisson bracket . 24 However, by 
